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Single-particle resonances are crucial for exotic nuclei near and beyond the drip lines. Since the
majority of nuclei are deformed, the interplay between deformation and orbital structure near thresh-
old becomes very important and can lead to improved descriptions of exotic nuclei. In this work, the
Green’s function (GF) method that can treat the single-particle bound and resonant states on the
same footing is applied to solve the coupled-channel Dirac equation with a quadrupole-deformed
Woods-Saxon potential for the first time. Detailed formalism for the partial-wave expansion of
Green’s function is presented. Numerical checks are carried out by comparing with our previous
implementation of spherical GF method and the results from the deformed analytical continuation
of the coupling constant (ACCC) and scattering phase shift (SPS) methods. Finally, Nilsson levels
for bound and resonant orbitals in a halo candidate nucleus 37Mg from the deformed GF method are
calculated over a wide range of deformations and show some decisive hints of p-wave halo formation
in this nucleus, namely, crossing between the configurations 1/2[321] and 5/2[312] at deformation
parameter β > 0.5 may enhance the probability to occupy the 1/2[321] orbital coming from 2p3/2.
PACS numbers: 25.70.Ef, 21.10.Pc, 21.60.Jz, 24.10.Eq, 21.10.Gv
I. INTRODUCTION
Since the experimental discovery of the neutron halo
phenomenon in 11Li [1], the structure of exotic nuclei, es-
pecially those close to the neutron or proton drip line, has
attracted wide attentions in theory and experiment [2–7].
In these drip-line nuclei, since the neutron or the proton
Fermi surface is very close to the continuum threshold,
the valence nucleons can be easily scattered to the single-
particle resonant states in the continuum by the pairing
correlation and thus the couplings between the bound
states and the continuum become very important [8–12].
Unexpected properties very different from those of nor-
mal nuclei have been observed or predicted, such as halo
phenomenon [9, 10], giant halo [13–18], new magic num-
ber [19], and deformed halo [20–23]. Therefore, the reso-
nant states close to the continuum threshold are essential
for the investigation of exotic nuclei, and are also closely
relevant to the nucleosynthesis of chemical elements in
the universe [24, 25]. Moreover, because the majority of
nuclei far from stability are deformed, interplay between
deformation and near-threshold orbitals becomes pretty
important as shell structure evolves with deformation.
Based on the conventional scattering theories, many
approaches, such as R-matrix theory [26, 27], K-matrix
theory [28], S-matrix theory [29, 30], Jost function ap-
proach [31, 32], and the scattering phase shift (SPS)
method [29, 33, 34] have been developed to study the
single-particle resonant states. Meanwhile, the tech-
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niques for bound states have been extended for the single-
particle resonant states, such as the analytical continua-
tion of the coupling constant (ACCC) method [23, 24, 35–
45], the real stabilization method (RSM) [46–50], the
complex scaling method (CSM) [51–63], the complex-
scaled Green’s function (CGF) method [62–65], and the
complex momentum representation (CMR) method [66–
72]. Especially, the SPS [33, 34], ACCC [23, 38, 45],
CSM [60–63], CMR [71], CGF [62, 63], and RSM [49]
methods have been developed to investigate the reso-
nances in deformed systems.
Green’s function (GF) method [73–75] is also an effi-
cient tool for studying the single-particle resonant states
with the following advantages: treating the discrete
bound states and the continuum on the same footing;
providing both the energies and widths for the resonant
states directly; and having the correct asymptotic behav-
iors for the wave functions. Nonrelativistically and rel-
ativistically, there are already many applications of the
GF method in the nuclear physics to study the contri-
bution of continuum to the ground states and excited
states. Nonrelativistically, in the spherical case, in 1987,
Belyaev et al. constructed the Green’s function in the
Hartree-Fock-Bogoliubov (HFB) theory in the coordi-
nate representation [76]. Afterwards, Matsuo applied
this Green’s function to the quasiparticle random-phase
approximation (QRPA) [77], which was further used to
describe the collective excitations coupled to the contin-
uum [78–84], microscopic structures of monopole pair vi-
brational modes and associated two-neutron transfer am-
plitudes in neutron-rich Sn isotopes [85], and neutron
capture reactions in the neutron-rich nuclei [86]. Re-
cently, Zhang et al. developed the fully self-consistent
continuum Skyrme-HFB theory with GF method [87, 88],
2which was further extended for odd-A nuclei [89]. In the
deformed case, in 2009, Oba et al. extended the con-
tinuum HFB theory to include deformation on the ba-
sis of a coupled-channel representation and explored the
properties of the continuum and pairing correlation in
deformed nuclei near the neutron drip line [90]. Rel-
ativistically, in the spherical case, in Refs. [91, 92], the
fully self-consistent relativistic continuum random-phase-
approximation (RCRPA) was developed with the Green’s
function of the Dirac equation and used to study the
contribution of the continuum to nuclear collective ex-
citations. Recently, we have developed the continuum
covariant density functional theory (CDFT) based on
the GF method and calculated the accurate energies and
widths of the single-neutron resonant states for the first
time [93]. This method has been further extended to de-
scribe single-particle resonances for protons [94] and Λ
hyperons [95]. In 2016, further containing pairing corre-
lation, we developed Green’s function relativistic contin-
uum Hartree-Bogoliubov (GF-RCHB) theory, by which
the continuum was treated exactly and the giant halo
phenomena in neutron-rich Zr isotopes were studied [96].
In this work, we aim to develop a self-consistent de-
formed continuum covariant density functional theory
with the GF method, which can treat pairing correlation,
deformation, and continuum uniformly. As the first step,
GF method for a deformed Dirac equation, i.e., deformed
GF-Dirac model, will be implemented and applied to an
illustrative calculation of single-neutron bound and reso-
nant states in a quadrupole-deformed Woods-Saxon po-
tential. The paper is organized as follows. In Sec. II,
we give the formulations of coupled-channel Dirac equa-
tion and Green’s function partial-wave expansion with
exact boundary conditions. After the numerical details
in Sec. III, we present results and discussions in Sec. IV.
Finally, a brief summary is given in Sec. V.
II. FORMALISM
A. Coupled-channel Dirac equation
In the CDFT [2, 4, 5, 97, 98], nucleons are described as
Dirac spinors moving in a mean-field potential, and the
corresponding Dirac equation is
[α · p+ V (r) + γ0(M + S(r))]ψ(r) = εψ(r), (1)
where α and γ0 are the Dirac matrices, M is the nu-
cleon mass, and S(r) and V (r) are the scalar and vector
potentials, respectively. In the following discussions, for
simplicity, only the axially quadrupole deformations are
considered and the potentials take the following form,
S(r) = S0(r) + S2(r)Y20(θ, φ), (2a)
V (r) = V0(r) + V2(r)Y20(θ, φ), (2b)
where S0(r) and V0(r) are the spherical parts and
S2(r)Y20(θ, φ) and V2(r)Y20(θ, φ) are the quadrupole
parts.
For a nucleon in the axially quadrupole-deformed po-
tential, parity π and angular momentum z component Ω
are good quantum numbers and the single-particle wave
function can be expanded in terms of spherical Dirac
spinors,
ψΩ =
∑
lj

 i
GΩlj(r)
r
FΩlj(r)
r
σ · rˆ

YljΩ(θ, φ), (3)
where GΩlj(r)/r and FΩlj(r)/r are, respectively, the ra-
dial wave functions for the upper and lower components,
and YljΩ(θ, φ) are the spinor spherical harmonics [99].
Hereafter, the “channels” are labeled by the quantum
number L = (lj) for convenience. The Dirac equation (1)
is then transformed to a coupled-channel form for the ra-
dial wave functions,
dGΩL
dr
+
κ
r
GΩL − (εΩ + 2M)FΩL
+
∑
L′λ
(Vλ − Sλ)A(λ, L
′, L,Ω)FΩL′ = 0, (4a)
dFΩL
dr
−
κ
r
FΩL + εΩGΩL
−
∑
L′λ
(Vλ + Sλ)A(λ, L
′, L,Ω)GΩL′ = 0, (4b)
where κ = (−1)j+l+1/2(j + 1/2), the index of the poten-
tial λ takes 0 and 2, respectively, for the spherical and
quadrupole parts of the potential, and A(λ, L′, L,Ω) has
the form,
A(λ, L′, L,Ω) = 〈YLΩ|Yλ0|YL′Ω〉
= (−1)1/2+Ω
√
(2j + 1)(2j′ + 1)
4π
×
(
j λ j′
−Ω 0 Ω
)(
j′ λ j
1
2 0 −
1
2
)
.(5)
Note that the single-particle energy in Eq. (4) is shifted
with respect to M compared to that in Eq. (1). The cou-
plings among different channels in Eq. (4) are governed
by the deformed potentials,
v±LL′ =
∑
λ
(Vλ ± Sλ)A(λ, L
′, L,Ω). (6)
In the practical calculations, we have to truncate the
partial-wave expansion and we denote N to represent the
number of partial waves to be included.
B. Boundary conditions for the wave functions
To describe the single-particle states properly, correct
asymptotic behaviors at r → 0 and r → ∞ must be
considered.
3At r → 0, the Dirac spinor is regular and satisfies
(
GΩL(r)
FΩL(r)
)
−→ r
(
jl(kr)
κ
|κ|
ε−v+
LL′
k jl˜(kr)
)
−→
( r
(2l+1)!! (kr)
l
κ
|κ|
r(ε−v+
LL′
)
k(2l˜+1)!!
(kr)l˜
)
, (7)
where k2 = (ε − v+LL′)(ε − v
−
LL′ + 2M) > 0, quantum
number l˜ is defined as l˜ = l + (−1)j+l+1/2, and jl(kr) is
the spherical Bessel function of the first kind.
At r → ∞, the Dirac spinor is exponentially decay-
ing for the bound states and oscillating outgoing for the
continuum, i.e., we have
(
GΩL(r)
FΩL(r)
)
−→

 r
√
2Kr
pi Kl+ 12 (Kr)
−Kr
ε+2M
√
2Kr
pi Kl˜+ 12
(Kr)


−→
(
1
− Kε+2M
)
e−Kr, (8)
for the Dirac spinor with ε < 0 and
(
GΩL(r)
FΩL(r)
)
−→
(
rh
(1)
l (kr)
κ
|κ|
ikr
ε+2M h
(1)
l˜
(kr)
)
−→
(
1
κ
|κ|
ik
ε+2M
)
eikr, (9)
for the Dirac spinor with ε > 0. Here, Kl+ 1
2
(Kr) is
the modified spherical Bessel function with K2 = −(ε−
v+LL′)(ε − v
−
LL′ + 2M) > 0 and h
(1)
l (kr) is the spherical
Hankel function of the first kind.
C. Green’s function partial-wave expansion
The Green’s function defined for the Dirac equation in
the coordinate space obeys
[ε− hˆ(r)]G(r, r′; ε) = δ(r − r′), (10)
where hˆ(r) is the Dirac Hamiltonian and ε is an arbitrary
single-particle energy. With a complete set of eigenstates
ψi(r) (i = Ω
pi) and eigenvalues εi of the Dirac equation,
the Green’s function can also be represented as
G(r, r′; ε) =
∑
i
ψi(r)ψ
†
i (r
′)
ε− εi
. (11)
Corresponding to the upper and lower components of the
Dirac spinor ψi(r), the Green’s function can be denoted
as a 2× 2 matrix form,
G(r, r′; ε) =
(
G(11)(r, r′; ε) G(12)(r, r′; ε)
G(21)(r, r′; ε) G(22)(r, r′; ε)
)
. (12)
Using the partial-wave expansion, the Green’s function
with a given Ω can be expanded as
GΩ(r, r
′; ε) =
∑
LL′
YLΩ(θ, φ)
GΩLL′ (r, r
′; ε)
rr′
Y ∗L′Ω(θ
′, φ′),
(13)
where GΩLL′(r, r
′; ε) is the radial Green’s function cou-
pled with partial waves L and L′. Correspondingly, we
can also write GΩLL′(r, r
′; ε) in a 2× 2 matrix form,
GΩLL′(r, r
′; ε) =
(
G
(11)
ΩLL′(r, r
′; ε) G
(12)
ΩLL′(r, r
′; ε)
G
(21)
ΩLL′(r, r
′; ε) G
(22)
ΩLL′(r, r
′; ε)
)
,
(14)
or specifically in a 2N×2N matrix form in consideration
of the cutoff of the number of partial waves being N .
According to the definition of the Green’s function for
the Dirac equation in Eq. (10), it can be easily derived
that the radial Green’s function GΩLL′(r, r
′; ε) satisfies
the following coupled-channel equation,
 −ε −
d
dr
+
κ
r
d
dr
+
κ
r
−ε− 2M

GΩLL′(r, r′; ε)
+
∑
L′′
(
v+LL′′ 0
0 v−LL′′
)
GΩL′′L′(r, r
′; ε) =
δ(r − r′)
rr′
J,(15)
where
J =
(
1 0
0 −1
)
⊗ IN , (16)
with IN being the N -dimensional unit matrix.
Finally, a Green’s function considering the exact
asymptotic behaviors of Dirac spinors and satisfying
Eq. (15) can be constructed as
GΩLL′(r, r
′; ε) =∑
L′′L′′′
[
φ
(in)∗
ΩL′′L(r, ε)W
−1
ΩL′′L′′′φ
(out)
ΩL′′′L′(r
′, ε)θ(r′ − r)
+φ
(out)∗
ΩL′′L(r, ε)W
−1
ΩL′′′L′′φ
(in)
ΩL′′′L′(r
′, ε)θ(r − r′)
]
,(17)
where θ(r−r′) is the radial step function, φ
(in)
ΩLL′′(r, ε) and
φ
(out)
ΩLL′′(r, ε) are two linearly independent Dirac spinors
φ
(in)
ΩLL′′(r, ε) =
(
G
(in)
ΩLL′′(r, ε)
F
(in)
ΩLL′′(r, ε)
)
,
φ
(out)
ΩLL′′(r, ε) =
(
G
(out)
ΩLL′′(r, ε)
F
(out)
ΩLL′′(r, ε)
)
, (18)
which are obtained by integrating the following coupled-
channel Dirac equation
 −ε −
d
dr
+
κ
r
d
dr
+
κ
r
−ε− 2M


(
GΩLL′′(r, ε)
FΩLL′′(r, ε)
)
+
∑
L′
(
v+LL′ 0
0 v−LL′
)(
GΩL′L′′(r, ε)
FΩL′L′′(r, ε)
)
= 0, (19)
4in the whole r space using a fourth-order Runge-Kutta al-
gorithm starting from the boundary conditions at r → 0
and r → ∞, respectively. The Dirac spinor matrices
G
(in/out)
Ω and F
(in/out)
Ω take the following form at the
boundaries
(
G
(in/out)
Ω
F
(in/out)
Ω
)
→


G
(in/out)
Ω11 0 · · · 0
0 G
(in/out)
Ω22 · · · 0
...
...
. . .
...
0 0 · · · G
(in/out)
ΩNN
F
(in/out)
Ω11 0 · · · 0
0 F
(in/out)
Ω22 · · · 0
...
...
. . .
...
0 0 · · · F
(in/out)
ΩNN


,
(20)
where G
(in)
ΩLL and F
(in)
ΩLL are the asymptotic solutions at
r → 0 in Eq. (7) and G
(out)
ΩLL and F
(out)
ΩLL are those at
r →∞ in Eqs. (8, 9).
In Eq. (17), WΩL′′L′′′ is the Wronskian matrix element
WΩL′′L′′′ =
∑
L
[
G
(out)
ΩL′′L(r, ε)F
(in)∗
ΩL′′′L(r, ε)
−F
(out)
ΩL′′L(r, ε)G
(in)∗
ΩL′′′L(r, ε)
]
, (21)
which is r independent.
D. Density of states
In the GF-CDFT model, the single-particle energies
of bound states and energies and widths of resonant
states can be extracted directly from the density of states
n(ε) [75],
n(ε) =
∑
i
δ(ε− εi), (22)
where εi is the eigenvalue of the Dirac equation, ε is
a real single-particle energy, and
∑
i is summation for
the discrete states and the integral for the continuum.
For the bound states, the density of states n(ε) exhibits
discrete δ-function at ε = εi, while in the continuum n(ε)
has a continuous distribution.
By introducing an infinitesimal imaginary part “iǫ” to
energy ε, it can be proved that n(ε) can be calculated by
integrating the imaginary part of the Green’s function
over the coordinate space [93],
n(ε) = −
2
π
∫
drIm[G(11)(r, r; ε+ iǫ)+G(22)(r, r; ε+ iǫ)].
(23)
And the density of states for each Ωpi is
nΩ(ε) = −
2
π
∑
L
∫
drIm[G
(11)
ΩLL(r, r; ε+ iǫ)
+G
(22)
ΩLL(r, r; ε+ iǫ)]. (24)
Note that with the infinitesimal imaginary part “iǫ” in
the single-particle energy, the density of states for dis-
crete single-particle states in shapes of δ-function (no
width) is simulated by a Lorentzian function with the
full-width at half-maximum (FWHM) of 2ǫ.
III. NUMERICAL DETAILS
In this work, the radial parts of the quadrupole-
deformed potentials in the Dirac equation (1) are taken
in a Woods-Saxon form as follows,
S0(r) = SWSf(r),
V0(r) = VWSf(r),
S2(r) = −βSWSk(r),
V2(r) = −βVWSk(r), (25)
with
f(r) =
1
1 + exp( r−Ra )
and k(r) = r
df(r)
dr
. (26)
To compare the present results with those by the
ACCC and SPS methods, we adopt the same parameters
for the potentials as in Ref. [45], which are determined
by reproducing the results for the p-wave halo candidate
nucleus 37Mg [100] by the self-consistent spherical RHB
theory with PC-PK1 parameter [101]. Specifically, the
depths of the scalar and vector potentials are chosen as
SWS = −420.3 MeV and VWS = 349.7 MeV, respectively,
the radius R = 3.705 fm, the diffuseness a = 0.67 fm, and
β is the axial deformation parameter of the potential.
The coupled-channel Dirac equation is solved in the
radial space with mesh step of 0.1 fm and a cutoff at
Rbox = 20 fm. To calculate the density of states nΩ(ε),
the parameter ǫ in Eq. (24) is taken as 1×10−6 MeV and
the energy step dε is 1×10−4 MeV. With this energy step,
the accuracy for energies and widths of the single-particle
resonant states can be up to 0.1 keV.
IV. RESULTS AND DISCUSSION
Firstly, numerical check for the new developed de-
formed GF-Dirac code is carried out by comparing the
results calculated from the coupled-channel Dirac equa-
tion by setting the deformation parameter β = 0 with
those from the spherical GF code [93]. In Fig. 1, density
of states nΩ(ε) for neutrons with Ω
pi = 1/2+ and 1/2−
are plotted as a function of the single-particle energy ε.
The peaks of the δ-functional shape below the continuum
threshold correspond to the single-particle bound states
and spectra with ε > 0 are the continuum. In each panel,
the black-solid line denotes the results obtained by solv-
ing the coupled-channel Dirac equation with the number
of coupled partial waves N = 5 while the colored-dashed
lines are those by solving the spherical radial Dirac equa-
tion. In the continuum, the red-dashed line is the total
5TABLE I: Neutron single-particle energies ε for bound states (upper part) and energies and widths ε(Γ) for resonant states
(lower part) extracted from the density of states nΩ(ε) obtained by solving the coupled-channel Dirac equation (coupled-Dirac)
and spherical radial Dirac equation (radial-Dirac) using the GF method. For comparison, the deformation parameter β = 0 and
the number of coupled partial wave N = 1 are chosen in the calculation of the coupled-channel Dirac equation. All quantities
are in MeV.
nlj
positive parity
nlj
negative parity
coupled-Dirac radial-Dirac coupled-Dirac radial-Dirac
1s1/2 −47.6536 −47.6536 1p3/2 −31.4805 −31.4805
1d5/2 −15.7474 −15.7474 1p1/2 −27.4582 −27.4582
2s1/2 −10.3644 −10.3644 1f7/2 −1.5032 −1.5032
1d3/2 −9.6520 −9.6520 2p3/2 −0.1006 −0.1006
1g9/2 9.4879(2.2233) 9.4879(2.2233) 2p1/2 0.3917(0.3520) 0.3917(0.3520)
1f5/2 3.8856(0.7780) 3.8856(0.7780)
FIG. 1: (Color online) Density of states nΩ(ε) for neutrons
with Ωpi = 1/2+ (a) and Ωpi = 1/2− (b), obtained by solving
the coupled-channel Dirac equation using the GF method by
setting the deformation parameter β = 0 and the number of
coupled partial waves N = 5 (black-solid lines), in comparison
with the results calculated from spherical GF code (colored-
dashed lines). The red-dashed line in the continuum is the
total density of states by summing those for five spherical
states. The black-dashed line at ε = 0 MeV indicates the
position of the continuum threshold.
density of states calculated by summing those of corre-
sponding five states in the spherical Dirac equation. In
panel (a), the five partial waves for the state Ωpi = 1/2+
are chosen as s1/2, d3/2, d5/2, g7/2, and g9/2, and in
panel (b), those for Ωpi = 1/2− are p1/2, p3/2, f5/2, f7/2,
and h9/2. Note that a factor of 2/(2j + 1) is multiplied
in calculating the density of states for the correspond-
ing spherical state in the spherical code, considering the
0
5
10
0
3
6
0
3
6
-60 -40 -20
0
3
6
-60 -40 -20 00 5 10 5 10 15
n
(
) (
M
eV
-1
)
5/2+
3/2+
(c)
(e)
 
(a)
1/2+ 1/2-
(b)
5/2-
3/2-
(d)
(f)
 (MeV)
7/2+
(g) (h)
7/2-
FIG. 2: (Color online) Density of states nΩ(ε) for neu-
trons with Ωpi = 1/2±, 3/2±, 5/2±, 7/2± obtained by solv-
ing the coupled-channel Dirac equation with a quadrupole-
deformed Woods-Saxon potential using the GF method (blue-
solid lines). The deformation parameter β = 0.47 and the
number of coupled partial waves N = 8 are chosen in the
calculations. Above the continuum threshold denoted by the
black-dashed line, the results are compared with those for
free neutrons calculated with potentials V (r) = S(r) = 0
(red-solid lines).
difference of the degree of degeneracy between the de-
formed code and spherical one. It is remarkable that all
the peaks below the threshold and spectrum in the con-
tinuum obtained by the deformed and spherical codes are
completely consistent.
From the density of states, the energies for the bound
6TABLE II: Energies and widths ε(Γ) of the single-neutron resonant states Ω[NnzΛ] obtained by solving the coupled-channel
Dirac equation with a quadrupole-deformed Woods-Saxon potential using the GF method, in caparison with those by ACCC
and SPS approaches. The deformation parameter β = 0.47 and the number of coupled partial waves N = 8 are chosen in all
the calculations. All quantities are in MeV.
positive parity 1/2[440] 3/2[431] 5/2[422] 7/2[413]
GF 2.4577(1.2302) 4.7227(3.5229) 6.9033(3.1913) 10.0278(2.8531)
ACCC 1.5015(2.8036) 4.1096(2.1137) 7.0017(2.5306) 10.1481(3.5502)
SPS 1.7000(3.4072) 4.4800(3.5874) 7.0600(2.5575) 10.2000(4.2735)
negative parity 1/2[301] 3/2[301] 5/2[303] 7/2[303]
GF 0.4038(0.2454) 2.9801(1.3166) 8.0261(5.2618) 3.0749(0.3915)
ACCC 0.4616(0.1909) 2.5477(1.9764) 8.2797(5.2905) 3.1054(0.2958)
SPS 0.3750(0.3438) 2.9500(1.0724) 8.2200(5.9613) 3.1000(0.3158)
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FIG. 3: (Color online) Energies ε and widths Γ of the single-
neutron resonant states in the quadrupole-deformed Woods-
Saxon potential with β = 0.47 obtained by the GF method,
in comparison with those by the ACCC and SPS approaches.
states and the energies (ε) and widths (Γ) for the reso-
nant states can be extracted. Here, ε and Γ are defined
as the positions and the FWHM of resonant peaks, which
are the differences between the density of states for neu-
trons in the mean-field potential and free neutrons [93].
In Table I, we list in the upper part the single-particle en-
ergies ε for bound states, and in the lower part the ener-
gies and widths ε(Γ) for resonant states obtained by solv-
ing the coupled-channel Dirac equation (coupled-Dirac),
in comparison with the results by solving the spherical
radial Dirac equation (radial-Dirac). For comparison, the
deformation parameter β = 0 and the number of coupled
partial waves N = 1 are chosen in the calculation of the
coupled-channel Dirac equation. From Table I, it can be
seen that all the energies and widths obtained by the two
codes are exactly equal. In one word, the results in Fig. 1
and Table I demonstrate that the present model is fully
correct in the decoupled case with β = 0.
Secondly, we further check the new developed model
by comparing the results with those from the ACCC
and SPS methods [45] for a specific deformed potential
with β = 0.47 and the number of coupled partial waves
N = 8. In Fig. 2, the density of states nΩ(ε) for neutrons
with Ωpi = 1/2±, 3/2±, 5/2±, and 7/2± are plotted as a
function of single-neutron energy ε, obtained by solving
the coupled-channel Dirac equation with a quadrupole-
deformed potential. Same as in Fig. 1, the peaks of the
δ-functional shape below the continuum threshold corre-
spond to bound states and spectra with ε > 0 are the
continuum. By comparing the density of states for neu-
trons (blue-solid lines) and those for free neutrons ob-
tained with potentials V (r) = S(r) = 0 (red-solid lines)
in the continuum, one can easily find out the resonant
states. It is clear that the density of states nΩ(ε) for the
resonant states sit atop of those for free particles. Ac-
cordingly, single-neutron resonant states are observed in
all the Ωpi blocks.
From the density of states in Fig. 2, we extract the en-
ergies ε and widths Γ of single-neutron resonant states,
which are listed in Table II and also plotted on the ε-Γ
plan in Fig. 3. For comparison, the results calculated by
the ACCC and SPS methods [45] are also shown. All the
states here are labeled by the Nilsson quantum numbers
Ω[NnzΛ], in which N is the principal quantum number,
nz is the number of nodes of the wave function in the
z direction, and Λ is the projection of the orbital angu-
lar momentum l onto the z axis. In Table II, it can be
seen that the energies and widths of the single-neutron
resonant states obtained by solving the coupled-channel
Dirac equation using the GF method provide excellent
agreement with the ACCC and SPS method for all the
single-neutron resonant states except the 1/2[440] reso-
nant state, which is very broad. In Fig. 3, great agree-
ments between GF method and other two methods are
also presented for most of the resonant states. However,
the GF and SPS methods don’t predict resonant states
with widths greater than 6 MeV, which is due to the large
mixing of the low-l (p-wave) components [33]. Anyhow,
according to the results in Table II and Fig. 3, the reso-
nant states predicted by the GF method in a quadrupole-
deformed coupled-channel Dirac equation are reliable.
Finally, we apply the deformed GF-Dirac model to in-
vestigate the recently reported halo candidate nucleus
37Mg [100], in which the interplay between deformation
and orbital structure near threshold is very important. In
7-0.8 -0.4 0.0 0.4 0.8
-20
-10
0
10
1/2[3
10]
3/2[301]
1/2[440]
7/2[413]
5/2[422]
3/2[431]
9/2
[40
4]
5/2[30
3]
1/2[301]3/2[312]
1/2[321]
7/2
[30
3]
5/2[312]
1/2[200]
3/2[202]
3/2[321]
1/2[330]
5/2
[20
2]
1/2[211]
3/2[211]
 (M
eV
)
8
20
1/2
[22
0]
FIG. 4: (Color online) Single-neutron levels Ω[NnzΛ] as
a function of deformation parameter β in a quadrupole-
deformed Woods-Saxon potential.
Fig. 4, the single-neutron levels for bound and resonant
obitals are presented as a function of the deformation
parameter β in a quadrupole-deformed Woods-Saxon po-
tential. In the spherical case with β = 0, obvious energy
gaps N = 8 and 20 are obtained while the energy gap
N = 28 disappears as the energy difference between the
states 1f7/2 and 2p3/2 is only ∼ 1.5 MeV. This is consis-
tent with the results obtained by the ACCC calculations
in Ref. [45] and the systematic calculations on N = 28
isotones by the triaxial relativistic Hartree-Bogoliubov
model with DD-PC1 density functional [102]. To study
the halo phenomena, the weakly bound states and low-
lying resonant states near the threshold are of great
importance, such as the levels 1/2[321], 3/2[312], and
1/2[301] in Fig. 4. In particular, crossing phenomenon
between the configurations 1/2[321] and 5/2[312] hap-
pens at a deformation of approximately 0.5, which may
enhance the probability to occupy the 1/2[321] orbital
coming from 2p3/2 and explain the recent observation of
a p-wave one-neutron halo configuration in 37Mg [100].
Similar conclusions are obtained in the studies using
ACCC method [45] and coupled-channel Schro¨dinger
equation by Hamamoto [103], though some differences
still exist. In our and Hamamoto’s calculations, the res-
onant states 1/2[310] and 3/2[312] disappear for large
deformation. Besides, in Hamamoto’s calculation, the
1/2[301] state is not obtained.
V. SUMMARY
In this work, we apply Green’s function method to in-
vestigate the resonant states in a quadrupole-deformed
Woods-Saxon potential by solving a coupled-channel
Dirac equation for the first time. Detailed formalism
for the construction of Green’s function on the basis of
coupled-channel representation is presented in the coor-
dinate space.
To verify the deformed GF-Dirac code, numerical
checks are carried out in two steps. Firstly, we solve the
coupled-channel Dirac equation with the deformation pa-
rameter β = 0 and compare the obtained density of states
as well as the extracted energies and widths for reso-
nant states to those by solving the spherical radial Dirac
equation. Exactly consistent results obtained with the
two methods demonstrate that the deformed GF-Dirac
model is fully correct in the decoupled case. Secondly,
for a specific deformed potential with β = 0.47, we do
the calculations using GF method and compare the re-
sults with those obtained by ACCC and SPS methods.
The agreement among these three methods indicates that
the GF method is reliable for predicting resonant states
in a quadrupole-deformed potential.
Finally, as an application, we investigate the recently
reported halo candidate nucleus 37Mg [100] and present
the evolution of the single-neutron levels for bound and
resonant states as a function of the deformation param-
eter. The pattern of the Nilsson levels calculated by the
deformed GF-Dirac model is consistent with those by
the deformed ACCC method [45] and coupled-channel
Schro¨dinger equation [103]. It is found that crossing
phenomenon between the configurations 1/2[321] and
5/2[312] happens at a deformation of approximately
0.5, which may enhance the probability to occupy the
1/2[321] orbital coming from 2p3/2 and explain the ob-
servation of a p-wave one-neutron halo configuration in
37Mg.
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